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ON THE SEQUENTIAL CLOSURE OF THE SET OF CONTINUOUS FUNCTIONS 
IN THE SPACE OF SEPARATELY CONTINUOUS FUNCTIONS 

TARAS BANAKH 


Abstract. For separable metrizable spaces X,Y and a metrizable topological group Z by S{X x Y,Z) we 
denote the space of all separately continuous functions f \ X xY —>• Z endowed with the topology of layer-wise 
uniform convergence, generated by the subbase consisting of the sets [Kx x Xy-,U] = {/ G S'(A’ x y, Z) : 
f{Kx X Ky) C U}, where U is an open subset of Z and Kx C A, Ky C Y are compact sets one of which 
is a singleton. We prove that every separately continuous function f : X x Y ^ Z with zero-dimensional 
image f{X x y) is a limit of a sequence of jointly continuous functions in the topology of layer-wise uniform 
convergence. 


In this paper we study the sequential closure (7® (A x Y, Z) of the set C{X x Y, Z) of continuous functions in 
the space S{X xY, Z) of separately continuous functions f : X xY Z defined on the product of topological 
spaces X,Y with values in a topological space Z. The space S{X x Y,Z) is endowed with the topology of 
layer-wise compact-open topology, generated by the subbase consisting of the sets 

[Kx X Ky, U] = {f€ S{X xY,Z): f{Kx x Ky) C U}, 

where U C Z is an open set and Kx C X, Ky C Y are compact subsets one of which is a singleton. Observe 
that a function sequence {fn)n^uj converges to a function foo : X xY Z m the space S{X x Y, Z) if and only 
if for any points x G X, y £ Y the function sequence {fnix, converges to foo{x, ■) in the space C{Y, Z) 

and the function sequence (/n(-, 2/))„g^ converges to foo{-, y) in the function space C{X, Z) (endowed with the 
compact-open topology). 

In case of compact spaces X, Y and the real line Z = K the space S{X x Y, Z) was studied by H.A. Voloshyn, 
V.K. Maslyuchenko and O.V. Maslyuchenko in the papers m-E- One of the problems addressed in these 
papers was the problem of description of the sequential closure C®(A x Y, Z) of the set C{X x Y, Z) of jointly 
continuous functions in the space S{X x Y,Z). By the sequential closure of a set A C A in a topological 
space T we understand the set of all limit points lim„_s.oo a„ of sequences {an}neui C A, convergent in the 
space T. The Tietze-Urysohn Extension Theorem [SJ 2.1.8] implies that for any Tychonoff spaces A, Y the set 
C{X X Y, R) is dense in 5'(A x Y, R), which motivates the following question. 

Problem 1. Is (7'*(A x Y, R) = S{X x Y, R) for any (zero-dimensional) compact metrizable spaces X,Y? 

In [5] Voloshyn and Maslyuchenko proved that for metrizable compact spaces A, Y the set (7® (A x Y, R) 
contains all separately continuous functions / : A x Y ^ R whose discontinuity point set D{f) C A x Y has 
countable projection on A or Y. 

In this paper we shall prove that for separable metrizable spaces A, Y and a metrizable topological group Z 
the set (7® (A x Y, Z) contains all separately continuous functions f : X xY —>■ Z with zero-dimensional image 
/(A X Y) c Z. 

We start with the following useful fact. 

Theorem 1. For separable metrizable spaces A, Y and a topological space Z the set (7® (A xY, Z) contains all 
separately continuous functions f : X x Y Z with discrete image /(A x Y) C Z. 

Proof. Fix a separately continuous function f : X x Y Z with discrete image /(A x Y) C Z. We lose no 
generality assuming that Z = /(A x Y). The separate continuity of / implies that for any countable dense 
subsets Dx C A and Dy C Y the set f{Dx x Dy) is dense in the discrete space Z = /(A x Y), which 
implies that Z = f{Dx x Dy) is countable and hence can be written as the countable union Z = Z„ of 

a non-decreasing sequence {Zn)neui of finite sets. 

The second-countable spaces A, Y have countable bases {Un}nGLj and {I4}raGw of the topology. 
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For any point z ^ Z and a number k £ uj consider the sets 

X(z,k) = {x G X : {x} X Vfc C /"^(z)} = [x £ X ■. {x} xVk C /“^(z)}, 

Y{z,k) = {y £Y :UkX {y} C /"^(z)} = {y £ Y : Uk X {y} C f~^iz)}. 

We claim that the set X{z,k) is closed in X. Indeed, ii x £ X \X{z, k), then f{x,v) ^ z for some n € 14. The 
separate continuity of / yields a neighborhood Ox C X oi x such that f{Ox x {u}) C Z \ {z}, which implies 
that Ox n X{z, k) — 0. By analogy we can prove that the sets Y(z, k) are closed in Y. 

It follows that for any number n £ uj the set 

Xr(z, n) = U {X{z, k) X Vk) U {Uk X Y{z, k)) 

k<n 

is closed in X X y and is contained in the preimage/“^(z). Consequently, the family of closed sets (^XY{z, 
is disjoint. Using the normality of the product X xY, we can construct a continuous function gn : X xY -£ Z 
such that XY{z,n) C 54 ^( 2 ) for all z G Zn- 

It remains to check that the sequence {gn)n£ui converges to / in the space S{XxY, Z). Given a neighborhood 
Of C S{X xY,Z), it suffices to find a number m £ uj such that gn £ Of for all n > m. We lose no generality 
assuming that O/ is a subbasic neighborhood of the form [KxxKy,W] = {g £ S{XxY, Z) : g{KxxKY) CW} 
for some some set W C Z and some compacts sets Kx C X, Ky C Y, one of which is a singleton. Since the 
set f{Kx X Ky) C IU C Z is compact and hence finite in the discrete space Z, we can replace W by the image 
f{Kx X Ky) and assume that W = f{Kx x Ky) is a finite (open) set in X. 

First we consider the case of singleton set Kx = {a;}. Consider the continuous map fx ■ Y -£ Z, fx : 
y i-A f{x,y), and observe that the set fx^{W) is closed-and-open in Y and contains the compact set Ky- 
For every z £ W find a finite subset C oj such that Ky n fx^{z) C U/ceF, C fx^{z)- Choose a 
number m £ uj such that W C Zm and Uzew ^ "t®’ • ■ • ’ Then for every n > m and z G IF we get 
{cc} X [Ky n fx^iz)) C XY{z,n) C 34 ^( 2 ) and hence 

Kx xKy = {4 xKy C U {4 X fx^{z) C (J g-\z) = 4^(IF), 

zew zew 

which implies gn £ Of = [Kx x Ky, W\ for all n > m. 

By analogy we can treat the case of singleton set Ky- □ 

Recall that a topological space Z is zero-dimensional if closed-and-open sets form a base of the topology of 
the space Z- 

Theorem 2. For separable metrizable spaces X, Y and a metrizable topological group G, the set x Y, Z) 

contains all separately continuous functions f : X x Y ^ G with zero-dimensional image f{X x Y) G G- 

Proof- Fix any separately continuous function f : X x Y G with a zero-dimensional image f{X x Y)- By 
Birkhof-Kakutani Theorem [SI 3.3.12], the topology of the metrizable topological group G is generated by a 
bounded left-invariant metric d- Multiplying d by a small positive constant, we can assume that diam(G) = 
sup{d{x,y) '- x,y £ G} < ^. For a positive real e denote by B[e\ = {g £ G : d{g, Iq) < e} the closed e-ball 
centered at the unit l^ of the group G. For every n £ uj choose a maximal subset En C i?[—4]) which is 
-separated in the sense that d{x,y) > for any distinct points x,y £ En- It is clear that the set En is 
closed and discrete in G. 

The separability of the spaces X, Y and the separate continuity oi f : X xY —>• G implies the separability of 
the image f{X xY)- Since the metrizable space Z = f{X x Y) is separable and zero-dimensional, it has covering 
dimension dim(Z) = 0, which allows us to choose a sequence {Wn)neuj of disjoint open covers of the space Z 
by sets of diameter < Replacing each cover Wn by the finer cover {IF fl IF' : IF G VV„, IF' G >V„+i}, 

we can assume that for every n £ uj the cover Wn+i refines the cover >V„. Since diam(Z) < ^, we can put 
Wo = {Z}- 

Inductively we shall construct a sequence {rn)neui of continuous maps rn '- Z ^ G such that ro{Z) = {Iq} 
and for every n £ uj the following conditions are satisfied: 

(1„) for each set IF G W„ the image r„(IF) is a singleton; 

(2„) sup,,g2d(r„(z),z) < 2-"; 

(3n) rniz) £ r„_i(z) • En+i for every z G 

We start the inductive construction putting r^ : Z ^ {Iq} C G- Assume that for some n £ uj we have 
constructed a map rn ■ Z ^ G satisfying the conditions (I„) and (2„). For every IF G W„ denote by gw the 
unique point of the set r„(IF). Consider the subfamily W„+i(IF) = jlU' G W„+i : IF' C IF} and for every 
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set W G yV„+i{W) choose a point zw' G W. Observe that d{zw,gw) = d{zw',rn{zw')) < ^ and hence 
gw^W' S d3[-^]. By the maximality of the ^liW'Separated set En+i C B[^], there exists a point Sw’ G -E'n +2 
such that d{£w',gw ^W') < Consider the point gw' = gw ' Sw and observe that 

d{gw ', zw') = d{gw ■ eiu', zw') = d{ew', gw ■ 

Define a function r^+i : Z ^ G assigning to each point z G Z the point gw' where W G Wn+i is a unique set 
containing the point z. It is clear that the function r„+i is continuous and satisfies the condition (Iji+i). To 
check the condition (2„_|_i), take any point z G Z and find a unique set W G Wn+i containing the point z and 
a unique set W G Wn containing the set W. Observe that 

d(r„+i(z), z) = d{gw',z) < d{gw',zw') + d{zw',z) < 2“”“^ + diam(IT') < 2“"“^ + 2“"“^ = 2“"“b 

To verify the condition (3„+i), take any point z G Z and find unique sets W G >V„ and W G Wn+i containing 
the point z. Taking into account that the cover >V„+i refines the disjoint cover >V„, we conclude that W C W, 
which implies r„_|_i(z) = gw' = gw'^w' = 'i'n{z)-£w’ C r„(z)--E'„_|_i. This completes the inductive construction 
of the function sequence {rn)n£ui- 

The continuity of and the separate continuity of / implies that the composition /„ = r„o/:Xxy -G G 
is separately continuous and 


sup d{ fr,{x, y), f{x,y)) < sup d{r„{z),z) <2 " 

(x,y)GXxY zeZ 


which means that the function sequence {fn)nGuj converges uniformly to /. 

The continuity of the group operations on Z and the separate continuity of the functions /„, fn+i imply that 
the function = /“Vn+i ■ X x Y ^ G, g^ : (x^y) f~^{x,y) ■ /„+i(a;,y), is separately continuous. By the 

condition (3„+i), we get gn{x,y) = f~^{x,y) ■ fn+i{x,y) = rn{f{x,y))~^ ■ r„+i(/(a;,y)) G which means 

that the image gn{X x T) is discrete. By Theoremfl] for the separately continuous function gn : X xY -G En+i 
there is a sequence of continuous functions {gn,m '■ X xY ^ En+i)m£un convergent to in the function space 
S{XxY,Z). 

For any numbers n,m G to consider the continuous function 

fn,m — go,m * * ‘ ' gn,m • X X Y >■ G, 

Taking into account that limm^oo ffn.m = <?« for all n, we conclude that limm^oo fn,m = go ■■■ gn = fn for all 
n GoJ. It remains to check that lim„^oo fn,n = / in the space S{X x Y, G). 

Fix any neighborhood Of oi the function / in the space S{X xY). We lose no generality assuming that Of 
has subbasic form [Kx x Ky, W] = {g G S{X xY,G) ■. f{Kx x Ky) C VF} for some open set IF C G and some 
compact sets Kx C X, Ky C Y one of which is a singleton. Using the compactness of the set f{Kx x Ky ) C IF, 
find a number I G oj such that f{Kx x Ky) ■ B[-^] C IF. By the convergence of the sequence {ffn)n£ui to the 
function fi in the space S{X x Y, G), there is a number m > I such that sup(^^ y^^XxxKY d{fi,n(x, y), fi{x, y)) < 
2“* for all n > m. We claim that supf^^y^^XxxKy ^ for all n > m. Take and 

number n > m and a pair z = {x,y) G Kx x Ky. Observe that y/_|_i^„(z) • • • y„_„(z) G Eiy 2 '‘-En+i C 
' ■ ■ -®[^] Then 

d{f{z), fn,n{z)) < dif{z), fi{z)) + d{fi{z), /i,„(z)) + (i(//,„(z), /„,„(z)) < 

< 2 “' + 2 “' + d{go,niz) ■ ■ ■ gi^niz),go.niz) ■ ■ ■ gn,n{,z)) = 

= 2-'+i + d(lG,yi+i,„(z) ■ • • 5„,„(z)) < 2-'+i + 2-' < 2-'+^ 

and hence fn,n{z) G W according to the choice of h □ 

Now we find conditions on a topological group Z guaranteeing that the sequential closure C‘’{X x Y,Z) 
of the set C{X x Y,Z) of continuous functions in the space S{X x Y, Z) is closed in a topology of uniform 
convergence on S{X x Y,Z). 

In fact, the space S{X xY, Z) carries four natural topologies of uniform convergence induced by four canonical 
uniformities on the topological group Z. For describing these topologies, for any function / G S{X xY, Z) and 
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any neighborhood U G Z oi the unit in the group Z consider the sets 
Bi [/, U] = {gG S{X xY,Z)-. V(x, y) G X x Y g{x,y) e f{x, y)-U}, 

Br[f, U] = {g G S{X xY,Z) : V(x, y) G X x Y g(x, y) G U ■ f{x, y)}, 

Bir[f,U] = Bi[f,U] n Br[f,U] = {g G S(X X Y, Z) : V(x,?/) gX xY g{x,y) G U • f{x,y) 0 f{x,y) ■ U), 

Bri [/, U] = {gG S{X xY,Z)-. \f{x, y) G X x Y g{x, y) G U ■ /{x, y)-U}. 

We define a subset W C S{X x Y,Z) to be Tg-open for s G {l,r,lr,rl} if for any function f GW there is a 
neighborhood U G Z oi the unit Iz in Z such that Bs\f,U] G W. The family Tg of all Tg-open subsets of 
S(X xY, Z) is a topology on x T, Z). It is clear that t^i C t; n and r/ U C We define a subset 
F G S{X X Y, Z) to be r/ fl Tr-dosed if its complement in S{X x T, Z) belongs to the topology r/ D 

For topological spaces X,Y,Z by S'o(X x Y, Z) we denote the set of all separately continuous functions 
f : X X Y -G Z with zero-dimensional image f{X x Y). If Z is a topological group, then by Sq{X x Y, Z) we 
shall denote the closure of the set So{X x T, Z) in the topology r; nr^ on the space S{X xY, Z). By Theorem[2 
S'o(X xY, Z) G C’’{X X Y, Z) for any metrizable compact spaces X, Y and any metrizable topological group Z. 
In the following theorem we give conditions on the group Z guaranteeing that Sq{X x Y, Z) G C^{X x Y, Z). 

We shall say that a topological space Z is an absolute extensor for a topological space X if any continuous 
map f : A ^ Z defined on a closed subset A G X can be extended to a continuous map f '■ X -G Z. 

Theorem 3. Let X,Y be separable metrizable spaces and Z be a metrizable topological group possessing a 
neighborhood base at the unit \z consisting of absolute extensors for the space XxY. Then the set C®(X x Y, Z) 
is closed in the topology ti n on S{X x Y, Z). Consequently, Sq{X x Y,Z) G C^(X x Y,Z). 

Proof. It suffices to check that the set C‘^{X xY, Z) is closed in the topologies r/ and on the space S{X xY, Z). 
First we prove that the set C‘^{X x Y, Z) is r/-closed. Fix a left-invariant metric d < 1 generating the topology 
of the metrizable topological group Z. Put IY_i = Wq = Z and for every n > 0 choose a neighborhood 
Wn G {z G Z : d{lz, z) < 2“"} of the unit Iz, which is an absolute extensor for the space XxY. Replacing 
the sequence (lYn)nGa; by a suitable subsequence, we can assume that W~^WnWn G Wn-i for all n > 0. 

Take any function / G S{X x Y, Z) that belongs to the r/-closure of the set C®(X x Y, Z) in S{X x Y, Z). 
For every n Gw choose a function /„ gC‘^{X x Y, Z) such that fn{x, y) G f{x, y) ■ Wn+i for all {x, y) G X xY. 
Since Wq = Z we can put /o : X x Y — >• {Iz} be the constant function. For every n Gw consider the function 
9n = fn^-fn+i ■ X xY -)> Z and observe that fo r every (x, y) G X x Y we get gn{x, y) = /“^(x, y)-fn+i(x, y) G 
W-i • f{x, 2 /)-i • f(x, y) ■ IY„+i = W-^Wn+i G WC^Wn+iWn +2 G IY-ilY„+iIY„+2lY„+3 C IY„_i. 

The continuity of the group operations on Z implies that the set (^^(X x Y, Z) is a group. So, S C®(X x 
Y, Z) and we can choose a sequence {gn,m)meoj of continuous functions gn,m : X x Y -G- G, which converges to 
the function in the space S{X x Y, Z). The functions gn,m can be modified so that gn.miX x Y) C Wn-i- 
Since IY_i = Wq = Z, this is trivial for n < I. Put gk,m = gk,m for k < 1, m G w. Fix any number n > 1. By 
the continuity of the function gn,m, the set Fn^rn = 9 n{m{^n^Wn+iWn+ 2 ) is closed in X x Y. Since IY„_i is 
an absolute extensor for the space XxY, the function gn,m\Fn,m can be extended to a continuous function 
gn,m : X X Y —>• IY„_i. We claim that the function sequence {gn,m)m£ui converges to (?„. It suffices to check 
that for any sub-basic neighborhood 0{gn) = \Kx x Ky, W] of the function there exists a number k G w such 
that gn,m G 0{gn) for all m> k. Here lY C Z is an open set and Kx G X, Ky G Y are compact subsets one 
of which is a singleton. Using the compactness of the set gn{Kx x Ky) G W, find a number Z > n-|-2 such that 
9n{Kx X Ky) ■ Wi G W. The convergence of the function sequence {gn,m)meu> to gn yields a number k G w such 
that gn,m{Kx X Ky) G gn{Kx X Ky)-Wi C IY“^IY„+iIY/ G WG^Wn+iWn +2 iov allm>k. For such numbers 
m we get the inclusion KxxKy G Fn,m implying gn,ra{KxxKy) = gn,m{KxxKy) G gn{KxxKy)-Wi G W. 
Then gn,m G [KxxKy, W], which means that the sequence {gn,m)m&ui converges to gn in the space S'(Xx Y, Z). 

For any n,m G w consider the continuous function fn,m = 5o,m • ■ • 5n,m : X x Y —)• Z and observe that 
limm->.oo fn,m = 5o''' <7n = fn +1 for all u G w. Repeating the argument of the proof of Theorem [21 we can 
show that the function sequence {fn,n)n^ui converges to / in the space S(X x Y,Z). Then / G C‘^{X x Y,Z) 
and hence the set (7®(X x Y, Z) is rj-closed in S{X x Y, Z). By analogy we can prove that this set is Tr-closed. 

The (ji n Tr.)-closedness of the set C"*(X x Y, Z) and the inclusion 5'o(X x Y, Z) C C^{X x Y, Z) (proved in 
Theorem|2|) implies the inclusion Sq{X xY,Z) G C'®(X x Y,Z). □ 

Remark 1. For the interval X = Y =[0,1] the closedness of the set C‘^{X x Y, R) in the topology of uniform 
convergence on S'(X x Y, R) was proved in [i]. 
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Theorem [3] has two corollaries. 

Corollary 1. For zero-dimensional separable metrizable spaces X^Y and any metrizable topological group Z 
the set C^{X x Y, Z) is {ti D Tj.)-closed in S{X x Y, Z) and hence Sq(X x Y, Z) C C'®(Y x Y, Z). 

Proof. The zero-dimensionality of the space X xY implies that each closed subset of X x Y is a retract of the 
space X xY. So, each topological space is an absolute extensor for the space X xY, which allows us to apply 
Theorem [3] and complete the proof. □ 

Corollary 2. For separable metrizable spaces X,Y and a locally convex linear metric space Z the set C^(X x 
Y, Z) is {ti n Tr)-closed in S{X x Y, Z) and hence Sq{X xY,Z) C. C‘^{X x Y,Z). 

Proof. By the Dugundji Theorem [7], any convex subset of a locally convex space is an absolute extensor for any 
metrizable space. Consequently, the locally convex space Z has a neighborhood base of (convex) neighborhoods 
of zero which are absolute extensors for the space X xY. This allows us to apply Theorem [3] and complete 
the proof of the corollary. □ 

Observe that an affirmative answer to the “zero-dimensional” part of Problem [1] can be derived from Corol¬ 
lary [T] and the affirmative answer to the following problem. 

Problem 2. Let X,Y be zero-dimensional compact spaces. Is the set So{X x Y, M) of separately continuous 
functions f : X xY —>■ M with zero-dimensional image f{X x Y) dense in the space S{X x Y, M) endowed with 
the topology of uniform convergence ti = t^? 

This problem can be equivalently reformulated in more elementary terms. 

Problem 3. Let f : X xY ^R6ea separately continuous function defined on the product of two Cantor sets 
X = Y = {0, l}*^. Is there a separately continuous function g : X xY ^ R with (countable) zero-dimensional 
image g[X x Y) such that sup(,, ^)g^xT \f{x,y) - g{x,y)\ <1? 
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